Partitioning a set into similar, if not, identical, parts is a fundamental research topic in combinatorics. The question of partitioning the integers in various ways has been considered throughout history. Given a set {x 1 , . . . , x n } of integers where x 1 < · · · < x n , let the gap sequence of this set be the nondecreasing sequence d 1 , . . . , d n−1 where {d 1 , . . . , d n−1 } equals {x i+1 − x i : i ∈ {1, . . . , n − 1}} as a multiset. This paper addresses the following question, which was explicitly asked by Nakamigawa: can the set of integers be partitioned into sets with the same gap sequence? The question is known to be true for any set where the gap sequence has length at most two. This paper provides evidence that the question is true when the gap sequence has length three. Namely, we prove that given positive integers p and q, there is a positive integer r 0 such that for all r ≥ r 0 , the set of integers can be partitioned into 4-sets with gap sequence p, q, r.
Theorem 1.2. There is an interval of the integers that can be partitioned into 4-sets with the same gap sequence p, q, r, if q ≥ p and r ≥ max{4q(4q − 1), 1 gcd(p,q) (5p + 4q − gcd(p, q))(4p + 3q − gcd(p, q))}. Corollary 1.3. There is an interval of the integers that can be partitioned into 4-sets with the same gap sequence p, q, r, if r ≥ 63(max{p, q}) 2 .
Note that for the sake of presentation, we omit some improvements on the constants of the threshold on r. Our proof follows the ideas in [Nak00, Nak05] , where partitions of Z 2 is used to aid the partition of Z. We develop and push the method further and generalize it to Z 3 . In Section 2, we show that we can partition certain subsets of Z 3 into smaller subsets of Z 3 that we call blocks. In Section 3, we demonstrate how to use the lemmas in Section 2 to tile an interval of Z with 4-sets with the desired gap sequence. We finish the paper with some open questions in Section 4. 3 , we say a set S of Z 2 can be covered (with height h(S)) by V -blocks if there exists an integer h(S) such that S × h(S) = {(x, y, z) : (x, y) ∈ S, z ∈ [h(S)]} can be partitioned into blocks from V . If V only has one vector v, then we simply write "covered by v-blocks" instead of "covered by {v}-blocks".
Lemmas
Let e 1 = (1, 0, 0), e 2 = (0, 1, 0), and e 3 = (0, 0, 1) be unit vectors in Z 3 . By stretching X ⊂ Z 3 in the e 1 , e 2 , and e 3 direction by a real number w, we obtain {(wx, y, z) : (x, y, z) ∈ X}, {(x, wy, z) : (x, y, z) ∈ X}, and {(x, y, wz) : (x, y, z) ∈ X}, respectively.
When q ≥ 2p
Lemma 2.1. The following sets of Z 2 can be covered by (e 1 , e 2 , e 3 )-blocks:
Proof. See Figure 1 for an illustration of some cases. (i):
B 1 = {(1, 1, 1), (1, 2, 1), (2, 2, 1), (2, 2, 2)}, B 2 = {(1, 1, 2), (1, 2, 2), (1, 2, 3), (2, 2, 3)}, B 3 = {(1, 1, 3), (1, 1, 4), (1, 2, 4), (2, 2, 4)}.
(ii):
B 1 = {(1, 1, 1), (2, 1, 1), (2, 2, 1), (2, 2, 2)}, B 2 = {(1, 1, 2), (2, 1, 2), (2, 1, 3), (2, 2, 3)}, B 3 = {(1, 1, 3), (1, 1, 4), (2, 1, 4), (2, 2, 4)}. (v):
, (2, 3, 4)}, B 9 = {(2, 1, 3), (2, 1, 4), (3, 1, 4), (3, 2, 4)}, B 10 = {(1, 3, 3), (1, 3, 4), (1, 4, 4), (2, 4, 4)}.
(vi): Assume k is odd. When k = 3, it is not hard to see that we can fill S 7 with one S 1 (which was already shown to be covered in (i)) and one S 5 (which was already shown to be covered in ( Lemma 2.2. Given q ≥ 2p, the following sets can be covered by (pe 1 , e 2 , e 3 )-blocks:
Proof. It is sufficient to show that X 1 and X 2 can be covered by (e 1 , e 2 , e 3 )-blocks, but stretched by p.
, P a 4 , and P a 7 by stretching S 4 with k = a + 1, S 4 with k = a, and S 7 with k = a, respectively, from Lemma 2.1 in the e 1 direction by p; in other words, P 4 is a partition of X 1 . Since S 4 can be covered with height 20, we conclude that X 1 can be covered with height 20.
(ii): Now P * 4 , P a 7 + (b, 0), P * * 4 is a partition of X 2 . Since S 4 and S 7 can be covered with height 20, we conclude that X 2 can be covered with height 20.
See Figure 2 for an illustration. 
When p ≤ q ≤ 2p
Lemma 2.3. The following sets of Z 2 can be covered by (e 1 , e 2 − e 1 , e 3 )-blocks: B 1 = {(1, 1, 1), (2, 1, 1), (1, 2, 1), (1, 2, 2)}, B 2 = {(1, 1, 2), (2, 1, 2), (2, 1, 3), (1, 2, 3)}, B 3 = {(1, 1, 3), (1, 1, 4), (2, 1, 4), (1, 2, 4)}.
B 1 = {(2, 1, 1), (1, 2, 1), (2, 2, 1), (2, 2, 2)}, B 2 = {(2, 1, 2), (1, 2, 2), (1, 2, 3), (2, 2, 3)}, B 3 = {(2, 1, 3), (2, 1, 4), (1, 2, 4), (2, 2, 4)}.
(iii):
B 1 = {(2, 1, 1), (2, 1, 2), (1, 2, 2), (2, 2, 2)}, B 2 = {(1, 2, 1), (2, 2, 1), (1, 3, 1), (1, 3, 2)}.
(iv):
B 1 = {(1, 1, 1), (1, 1, 2), (2, 1, 2), (1, 2, 2)}, B 2 = {(2, 1, 1), (1, 2, 1), (2, 2, 1), (2, 2, 2)}.
(v):
B 1 = {(1, 1, 1), (1, 1, 2), (2, 1, 2), (1, 2, 2)}, B 2 = {(2, 1, 1), (3, 1, 1), (3, 1, 2), (2, 2, 2)}, B 3 = {(1, 2, 1), (2, 2, 1), (1, 3, 1), (1, 3, 2)}. Lemma 2.4. Given p ≤ q ≤ 2p, the following sets can be covered by {(pe 1 , e 2 −pe 1 , e 3 ), (qe 1 , e 2 − qe 1 , e 3 )}-blocks:
Proof. It is sufficient to show that Y 1 and Y 2 can be covered by (e 1 , e 2 − e 1 , e 3 )-blocks, but stretched by either p or q. Let q = p + t so that t ∈ [0, p]. Obtain P 1 , P 2 , P 3 , P 4 , and P 5 by stretching T 1 , T 2 , T 3 , T 4 , and T 5 respectively, from Lemma 2.3 in the e 1 direction by p; in other words P 1 = {(1, 1), (p+ 1, 1), (1, 2)}, P 2 = {(1, 2), (p + 1, 1), (p + 1, 2)}, P 3 = { (1, 2), (1, 3), (1 + p, 1) , (1 + p, 2)}, P 4 = { (1, 1), (1, 2), (1 + p, 1) , (1 + p, 2)}, P 5 = { (1, 1), (1, 2), (1, 3), (1 + p, 1), (1 + p, 2), (1 + 2p, 1) }. Obtain Q 1 by stretching T 1 from Lemma 2.3 in the e 1 direction by q; in other words Q 1 = {(1, 1), (q + 1, 1), (1, 2)}.
(i): Let P *
is a partition of Y 2 . See Figure 4 for an illustration. Theorem 3.3. For positive integers p, q with q ≥ 2p, if r ≥ 4q(4q − 1), then there is an interval of Z that can be partitioned into 4-sets of the same gap sequence p, q, r.
Proof. Since q ≥ 2p, the layer X 1 and X 2 in Lemma 2.2 is a q-nice layer of size 4q and 4q + 1, respectively, that can be covered by (pe 1 , e 2 , e 3 )-blocks. Note that gcd(4q, 4q + 1) = 1. Thus, by Lemma 3.2, there is an interval of Z that can be partitioned into (p, q, r)-sets for all integers r ≥ 4q(4q − 1). (5p + 4q−gcd(p, q))(4p + 3q− gcd(p, q)), then there is an interval of Z that can be partitioned into 4-sets of the same gap sequence p, q, r.
Proof. Since q ∈ [p, 2p], the layer Y 1 and Y 2 in Lemma 2.4 is a (p+q)-nice layer of size 5p+4q and 4p+3q, respectively, that can be covered by {(pe 1 , e 2 −pe 1 , e 3 ), (qe 1 , e 2 −qe 1 , e 3 )}-blocks. Note that gcd(5p+4q, 4p+3q) = gcd(p, q). Thus, by Lemma 3.2, there is an interval of Z that can be partitioned into (p, q, r)-sets for all integers r ≥ gcd(p, q)( 
Future directions and open questions
As noted in the introduction, we omit some improvements on the constants of the threshold on r in Theorem 1.2. For example, it is not hard to show that ([q] × [4]) ∪ {(q + j, 4) : j ∈ [i]} can be covered by (pe 1 , e 2 , e 3 )-blocks for all i ∈ [0, p], but we only provided the proof when i ∈ {0, 1}. Finding more blocks in Lemma 2.1 and Lemma 2.3 will help finding more layers that can be covered in Lemma 2.2 and Lemma 2.4, and appropriate combinations will improve the constants on the threshold on r.
We approached Question 1.1 with the mind set of allowing all gap sequences, but focusing on the case when n = 4, which is the first open case. Another approach is to investigate the question for all n, but for special gap sequences. The following conjecture was explicitly made in [Nak05] :
There is an interval of Z that can be partitioned into (k + l + 1)-sets with the same gap sequence p 1 , . . . , p k , q 1 , . . . , q l where p 1 = · · · = p k and q 1 = · · · = q l .
The truth of Question 1.1 when n = 3 is equivalent to this conjecture when k = l = 1. Some partial results on this conjecture were made in [Nak05] .
As mentioned in the introduction, Gordon [Gor80] investigated the question in higher dimensions. We iterate some open questions for the 2-dimensional case. As it is known that there is a 6-set of Z 2 that does not tile Z 2 under the Euclidean group actions, the following statement is stated as "conceivable" in [Gor80] : Gordon [Gor80] also proved that a 3-set of Z 2 tiles Z + × Z under the Euclidean group actions, whereas there is a 4-set of Z 2 that does not. Actually, the same 4-set does not even tile Z + × Z + under the Euclidean group actions, but Gordon [Gor80] proved that every 2-set does tile Z + × Z + under the Euclidean group actions. To the authors' knowledge, the following question, which appeared in [Gor80] , is still open: 
